
,QWURGXFWLRQ

7KLV�SDSHU�GLVFXVVHV�PHWKRGV�RI�SRODUL]DWLRQ�GHSHQGHQW
ORVV��3'/��PHDVXUHPHQWV��SDUWLFXODUO\�3'/�PHDVXUHPHQWV
XVLQJ�D�ZDYHSODWH�W\SH�SRODUL]DWLRQ�FRQWUROOHU�DQG�0XHOOHU�
6WRNHV�DQDO\VLV�

7KH�GLVFXVVLRQ�LQFOXGHV�WKH�PDWKHPDWLFDO�GHULYDWLRQ
DQG�WKH�DFKLHYDEOH�DFFXUDF\��$Q�H[WHQVLRQ�RI�WKLV
WHFKQLTXH�IRU�WKH�FKDUDFWHUL]DWLRQ�RI�LQWHJUDWHG�RSWLFV
FRPSRQHQWV�LV�DOVR�PHQWLRQHG�

3'/�0HDVXUHPHQWV�8VLQJ�WKH
����$�3RODUL]DWLRQ�&RQWUROOHU
3URGXFW�1RWH
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3'/�0HDVXUHPHQWV�8VLQJ
7KH�$JLOHQW�����$�3RODUL]DWLRQ
&RQWUROOHU

&RQWHQWV

�� 3RODUL]DWLRQ�GHSHQGHQW�ORVV
�3'/�PHDVXUHPHQWV

�� 7KHRU\�RI�WKH�3'/�PHDVXUHPHQW
XVLQJ�0XHOOHU�6WRNHV�DQDO\VLV

�� 3'/�PHDVXUHPHQW�VHW�XS�ZLWK�WKH
$JLOHQW�����$�SRODUL]DWLRQ�FRQWUROOHU

�� 3'/�PHDVXUHPHQW�SURFHVV
�� $FFXUDF\�FRQVLGHUDWLRQV�DQG

PHDVXUHPHQW�UHVXOWV
�� 7HVWLQJ�LQWHJUDWHG�RSWLFV�GHYLFHV
�� 6XPPDU\

�� 3RODUL]DWLRQ�'HSHQGHQW�/RVV
�3'/��0HDVXUHPHQWV

7KH�ORQJ�ILEHU�RSWLF�WUDQVPLVVLRQ
GLVWDQFHV�PDGH�SRVVLEOH�E\�HUELXP�GRSHG
ILEHU�DPSOLILHUV�PDNH�WKH�WUDQVPLVVLRQ
OLQH�RSWLFDOO\�WUDQVSDUHQW�IURP�WKH
EHJLQQLQJ�WR�WKH�HQG�

7KLV�LQFUHDVHV�WKH�LPSRUWDQFH�RI
SDUDPHWHUV�ZKLFK��XQWLO�QRZ��ZHUH
FRQVLGHUHG�OHVV�UHOHYDQW��2QH�W\SLFDO
H[DPSOH�LV�SRODUL]DWLRQ�GHSHQGHQW�ORVV
�3'/��

3'/�LV�WKH�PD[LPXP�FKDQJH�LQ
WUDQVPLVVLRQ�RI�DQ�RSWLFDO�FRPSRQHQW
YHUVXV�DOO�SRVVLEOH�LQSXW�SRODUL]DWLRQ
VWDWHV�

0DQ\�RSWLFDO�FRPSRQHQWV��VXFK�DV
ILEHU�RSWLF�FRXSOHUV��ILOWHUV��VZLWFKHV�
DWWHQXDWRUV�DQG�LVRODWRUV��H[KLELW�3'/�

,Q�WKH�FRPPXQLFDWLRQ�V\VWHP��SRODUL]DWLRQ
FKDQJHV�RFFXU�GXH�WR�PHFKDQLFDO�VWUHVV
RU�WHPSHUDWXUH�LQGXFHG�ELUHIULQJHQFH�LQ
WKH�RSWLFDO�ILEHU��:KHQ�WKHVH�FKDQJHV
FRPELQH�ZLWK�3'/�LQ�ILEHU�RSWLF
FRPSRQHQWV��WKHQ�XQZDQWHG�VLJQDO
IOXFWXDWLRQV�RFFXU�

7KHUHIRUH��LW�LV�LPSRUWDQW�WR�NQRZ�WKH
3'/�YDOXH�RI�DOO�FRPSRQHQWV�LQ�WKH�ILEHU
RSWLF�WUDQVPLVVLRQ�V\VWHP�

7ZR�3'/�PHDVXUHPHQW�SULQFLSOHV�H[LVW�
%RWK�XVH�D�SRODUL]DWLRQ�FRQWUROOHU�DV�WKH
NH\�LQVWUXPHQW�IRU�WKLV�PHDVXUHPHQW�

$�ILUVW�3'/�PHDVXUHPHQW�SULQFLSOH�LV�WR
JHQHUDWH�DOO�SRVVLEOH�SRODUL]DWLRQ�VWDWHV
ZLWK�WKH�SRODUL]DWLRQ�FRQWUROOHU�DQG�WR
REVHUYH�WKH�FKDQJHV�RI�ORVV�DW�WKH�RXWSXW
SRZHU�RI�WKH�WHVW�GHYLFH��VR�WKDW�WKH
PLQLPXP�DQG�WKH�PD[LPXP�ORVV�FDQ�EH
GHWHUPLQHG�

8VLQJ�WKLV�PHWKRG�UHTXLUHV�D�FDOLEUDWLRQ
RI�WKH�SRODUL]DWLRQ�FRQWUROOHU�IRU�DOO�XVHG
VWDWHV�RI�SRODUL]DWLRQ��EHFDXVH�WKH
SRODUL]DWLRQ�FRQWUROOHU�XVXDOO\�SURGXFHV
SRODUL]DWLRQ�GHSHQGHQW�SRZHU�FKDQJHV
�LQWHUQDO�3'/��

'XULQJ�3'/�PHDVXUHPHQW��WKH�VDPH
FDOLEUDWHG�SRODUL]DWLRQ�VWDWHV�KDYH�WR�EH
VHW�DJDLQ��7KLV�LV�YHU\�WLPH�FRQVXPLQJ�

7KH�WLPH�IRU�PHDVXULQJ�RQH�3'/�YDOXH�LV
LQ�WKH�RUGHU�RI����VHFRQGV�RU�PRUH�
H[FHSW�LI�VHOHFWHG�FRPSRQHQWV�DUH�XVHG
IRU�WKH�PHDVXUHPHQW�VHWXS�

,I�WKH�3'/�RI�WKH�SRODUL]DWLRQ�FRQWUROOHU�LV
VPDOO�LQ�FRPSDULVRQ�ZLWK�WKH�GHVLUHG
PHDVXUHPHQW�DFFXUDF\��WKHQ�QR
FDOLEUDWLRQ�LV�QHFHVVDU\�DQG�WKH
SRODUL]DWLRQ�FDQ�EH�YDULHG�UDQGRPO\�

$�PHDVXUHPHQW�WLPH�RI���VHFRQGV�FDQ�EH
DFKLHYHG�LQ�FRPELQDWLRQ�ZLWK�D�IDVW
RSWLFDO�SRZHU�PHWHU��DYHUDJH�WLPH� ���
PV��DQG�WDNLQJ�����PHDVXUHPHQW�SRLQWV�
7KLV�LV�WKH�SULQFLSOH�RI�WKH
$JLOHQW�(����$�RSWLFDO�ORVV�DQDO\]HU�

7KH�VHFRQG�3'/�PHDVXUHPHQW�SULQFLSOH�LV
WR�DSSO\�ZHOO�NQRZQ�SRODUL]DWLRQ�VWDWHV�WR
WKH�GHYLFH�XQGHU�WHVW��'87���,Q�WKLV�FDVH�
WKH�SRODUL]DWLRQ�GHSHQGHQW�ORVV�LV
PHDVXUHG�ZLWK�DQ�RSWLFDO�SRZHU�PHWHU�DW
IRXU�GLIIHUHQW��ZHOO�NQRZQ�SRODUL]DWLRQ
VWDWHV�

7KH�0XHOOHU���6WRNHV�DQDO\VLV�LV�WKHQ�XVHG
WR�FDOFXODWH�WKH�3'/��$Q�DGYDQWDJH�RI
WKLV�PHWKRG�LV�WKDW�DUELWUDU\�SRODUL]DWLRQ
VWDWHV�FDQ�EH�V\QWKHVL]HG�WKLV�ZD\�

,Q�WKH�IROORZLQJ�VHFWLRQ��WKH�0XHOOHU��
6WRNHV�PHWKRG�IRU�GHWHUPLQLQJ�3'/�DQG
LWV�SUDFWLFDO�UHDOL]DWLRQ�XVLQJ�DQ�$JLOHQW
����$�SRODUL]DWLRQ�FRQWUROOHU�DUH
GHVFULEHG�
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���7KHRU\�RI�WKH�3'/�0HDVXUHPHQW�XVLQJ�0XHOOHU���6WRNHV�$QDO\VLV

7KH�6WRNHV�YHFWRU�6� ��6���6���6���6��
FRPSOHWHO\�GHVFULEHV�WKH�SRZHU�DQG
SRODUL]DWLRQ�VWDWH�RI�DQ�RSWLFDO�ZDYH�
(DFK�HOHPHQW�RI�WKH�YHFWRU�LV�EDVHG�RQ
PHDVXUHG�SRZHU�OHYHOV��6��LV�WKH�WRWDO
LQWHQVLW\��6��GHVFULEHV�WKH�DPRXQW�RI
OLQHDU�KRUL]RQWDO��6�!���RU�YHUWLFDO
SRODUL]DWLRQ��6������6��GHVFULEHV�WKH
DPRXQW�RI�OLQHDU�������6�!���RU�²���
�6�����SRODUL]DWLRQ��DQG�6��GHVFULEHV
WKH�DPRXQW�RI�ULJKW�KDQG��6�!���RU�OHIW�
KDQG�FLUFXODU��6�����SRODUL]DWLRQ��)RU
FRPSOHWHO\�SRODUL]HG�OLJKW��WKH�IROORZLQJ
UHODWLRQVKLS�EHWZHHQ�WKH�6WRNHV�YHFWRU
HOHPHQWV�DSSOLHV�

6��� �6�����6�����6������������

$Q�LQFLGHQW�SRODUL]HG�ZDYH��FKDUDFWHUL]HG
E\�WKH�6WRNHV�YHFWRU��6LQ��LQWHUDFWV�ZLWK
WKH�RSWLFDO�FRPSRQHQW��'87���7KH
HPHUJLQJ�OLJKWZDYH�FDQ�EH�FKDUDFWHUL]HG
DJDLQ�DV�D�6WRNHV�YHFWRU��7KH�LQWHUDFWLRQ
RI�WKH�SRODUL]HG�OLJKW�ZLWK�WKH�RSWLFDO
FRPSRQHQW�FDQ�EH�GHVFULEHG�ZLWK�WKH
0XHOOHU�PDWUL[��0��D���[���UHDO�PDWUL[��6R
WKH�IROORZLQJ�PDWUL[�HTXDWLRQ�FDQ�EH
ZULWWHQ�

7KLV�HTXDWLRQ�UHSUHVHQWV�IRXU�OLQHDU
HTXDWLRQV��EXW�RQO\�WKH�ILUVW�LV�LQWHUHVWLQJ
IRU�3'/�FDOFXODWLRQ��EHFDXVH�6�RXW

UHSUHVHQWV�WKH�WRWDO�RXWSXW�SRZHU��7KH
HTXDWLRQ�GHULYHG�IURP�WKH�ILUVW�URZ�RI�WKH
0XHOOHU�PDWUL[�LV�DV�IROORZV��WKH�P��N
HOHPHQWV�ZLWK�N� ������������UHSUHVHQW
WKH�ILUVW�URZ�RI�WKH�0XHOOHU�PDWUL[��

6�RXW�� �P���6�LQ����P��6�LQ���P��6�LQ

��P��6�LQ����

7KH�ILUVW�WDVN�LV�WR�GHWHUPLQH�WKH�P��N
HOHPHQWV��7R�DFFRPSOLVK�WKLV��IRXU
GLIIHUHQW��ZHOO�GHILQHG�VWDWHV�RI
SRODUL]DWLRQ��6�LQ� ��6����6����6����6���
DUH�DSSOLHG�WR�WKH�GHYLFH�XQGHU�WHVW�
7KHVH�VWDWHV�FRQWDLQ�HVVHQWLDOO\�WKH�VDPH
RSWLFDO�SRZHU��D�VOLJKW�SRZHU�YDULDWLRQ�LV
RQO\�LQWURGXFHG�E\�WKH�LQWHUQDO�3'/�RI�WKH
SRODUL]DWLRQ�FRQWUROOHU�

7KH�IRXU�VWDWHV�DUH�FKDUDFWHUL]HG�E\�WKHLU�6WRNHV�YHFWRUV�
,QSXW�VWDWH ,QSXW�6WRNHV�YHFWRU 

�6�LQ��6�LQ��6�LQ��6�LQ��
2XWSXW�SRZHU 
62RXW

/LQHDU�KRUL]RQWDO����� 6LQ��� ��3D��3D��2��2�� 3��� �P��3D���P��3D

/LQHDU�YHUWLFDO������ 6LQ��� ��3E��3E��2��2�� 3��� �P��3E���P��3E

/LQHDU�GLDJRQDO������� 6LQ��� ��3F�����3F��2�� 3��� �P��3F���P��3F

&LUFXODU��ULJKW�KDQG� 6LQ��� ��3G��2��2��3G�� 3��� �P��3G���P��3G

7DEOH����,QSXW�DQG�RXWSXWV�VWDWHV�XVHG�LQ�3'/�PHDVXUHPHQW
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3D�E�F�G DUH�WKH�RSWLFDO�SRZHUV�DW�WKH�LQSXW
RI�WKH�GHYLFH�XQGHU�WHVW��'87��
3�������  DUH�WKH
FRUUHVSRQGLQJ�RSWLFDO�SRZHUV�PHDVXUHG�DW�WKH
RXWSXW�RI�WKH�'87�
$OO�RI�WKHVH�SRZHUV�FDQ�VLPSO\�EH�PHDVXUHG
ZLWK�D�SRZHU�PHWHU��7KH�VHWXS�DQG
PHDVXUHPHQW�SULQFLSOH�DUH�LOOXVWUDWHG�LQ
ILJXUH���

6ROYLQJ�WKH�HTXDWLRQ�V\VWHP�RI�WKH
ODVW�FROXPQ�LQ�WDEOH���\LHOGV�WKH�ILUVW
URZ�RI�WKH�0XHOOHU�PDWUL[�

$�YHUWLFDO�UHSUHVHQWDWLRQ�RI�WKH�ILUVW�URZ�ZDV�FKRVHQ�WR�HQKDQFH�WKH�FODULW\��:LWK�WKHVH�PDWUL[�HOHPHQWV�LW�LV�SRVVLEOH�WR�FDOFXODWH�WKH�3'/�RI�WKH
WHVW�FRPSRQHQW��7R�DFFRPSOLVK�WKLV��ZH�UH�ZULWH�HTXDWLRQ���LQ�WKH�IRUP�RI�D�SRZHU�WUDQVPLVVLRQ�

T= S0out  =  m11S0in + m12S1in  + m13S2in + m14S3in

     S0in                                  S0in

�����������������������������������������������������������������������������������������������������������
7KH�JRDO�LV�QRZ�WR�ILQG�WKRVH�6WRNHV�YHFWRUV�6LQ�ZKLFK�JLYH�PLQLPXP�DQG�PD[LPXP�WUDQVPLVVLRQ�7��7KH�VHDUFK�IRU�WKH�H[WUHPD�RI�7��XQGHU�WKH
FRQVWUDLQW�RI�HTXDWLRQ����\LHOGV�WKH�IROORZLQJ�UHVXOWV��VHH�WKH�$SSHQGL[�IRU�WKH�PDWKHPDWLFDO�GHULYDWLRQ��

0D[LPXP�WUDQVPLVVLRQ

Tmax =  m11 + √ m12
2 + m13

2  + m14
2      (5)

0LQLPXP�WUDQVPLVVLRQ

Tmin =  m11 - √ m12
2 + m13

2  + m14
2       (6)

2QFH�WKH�WUDQVPLVVLRQ�H[WUHPD�DUH�NQRZQ��WKH�3'/�FDQ�HDVLO\�EH�GHWHUPLQHG�DV�

PDLdB   = 10 log (7PD[���7PLQ�����������������(7)

���6WHS��PHDVXUH 3���3���3���3�

���6WHS��PHDVXUH 3D��3E��3F��3G

)LJXUH����3'/�PHDVXUHPHQW�SULQFLSOH�XVLQJ�0XHOOHU�6WRNHV�DQDO\VLV

/DVHU
VRXUFH

3RODUL]DWLRQ
VRXUFH 6HQVRU

3RZHU
0HWHU

/DVHU
VRXUFH

3RODUL]DWLRQ
VRXUFH 6HQVRU

3RZHU
0HWHU'87
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���3'/�0HDVXUHPHQW�ZLWK�WKH
$JLOHQW�����$�3RODUL]DWLRQ
&RQWUROOHU

7R�REWDLQ�KLJKO\�DFFXUDWH�3'/�YDOXHV��H�J�
WR�WKH�RUGHU�RI��������G%��LW�LV�QHFHVVDU\
WR�GR�WKH�IROORZLQJ�

D��&DOLEUDWH�WKH�WHVW�VHWXS�IRU�WKH�IRXU
SRODUL]DWLRQ�VWDWHV�DV�GHVFULEHG�DERYH�WR
GHWHUPLQH�WKH�LQVHUWLRQ�ORVV�FKDQJHV�RI
WKH�SRODUL]DWLRQ�FRQWUROOHU�YHUVXV
SRODUL]DWLRQ�
E��8VH�D�YHU\�VWDEOH�ODVHU�VRXUFH�RU
PRQLWRU�WKH�RSWLFDO�SRZHU�IOXFWXDWLRQV�RI
WKH�VRXUFH�E\�XVLQJ�D�ILEHU�RSWLF�FRXSOHU�
F��8VH�D�GHWHFWRU�ZLWK�ORZHVW�3'/�

$�3'/�WHVW�VHWXS�XVLQJ�D�VWDEOH�ODVHU
VRXUFH�LV�VKRZQ�LQ�)LJ����
7KH�$JLOHQW�����$�SRODUL]DWLRQ�FRQWUROOHU
LV�XVHG�WR�JHQHUDWH�WKH�QHFHVVDU\

SRODUL]DWLRQ�VWDWHV��ZLWK�WKH�KHOS�RI�WKH
LQVWUXPHQW
V�TXDUWHU�ZDYH��4��DQG�KDOI�
ZDYH��+��UHWDUGDWLRQ�SODWHV��$Q�RSWLFDO
LVRODWRU�HQVXUHV�VWDEOH�RXWSXW�SRZHU�
2QO\�RQH�RSWLFDO�KHDG�LV�QHFHVVDU\�IRU
WKLV�W\SH�RI�PHDVXUHPHQW��LQ�WKLV�FDVH�DQ
,Q*D$V�W\SH�RSWLFDO�KHDG�ZLWK
GHSRODUL]LQJ�ILOWHU��7KH�DFFXUDF\�RI�WKLV
VHWXS�PD\�EH�IXUWKHU�LPSURYHG�E\�DGGLQJ
D�FRXSOHU�DQG�D�PRQLWRU�SRZHU�PHWHU�DW
WKH�RXWSXW�RI�WKH�SRODUL]DWLRQ�FRQWUROOHU�
%\�PHDVXULQJ�SRZHU�UDWLRV�LQVWHDG�RI
MXVW�SRZHUV��DQ\�FKDQJHV�LQ�RSWLFDO�SRZHU
FDQ�EH�FDQFHOHG�RXW��7KH�VHFRQG�SRZHU
PHWHU�PD\�KDYH�KLJKHU�SRODUL]DWLRQ
GHSHQGHQFH�ZLWKRXW�DIIHFWLQJ�WKH
PHDVXUHPHQW�UHVXOW��7KH�SRODUL]DWLRQ
GHSHQGHQFH�RI�WKH�FRXSOHU�KDV�QR
LQIOXHQFH�HLWKHU��+RZHYHU��WKH�PRQLWRULQJ
RSWLRQ�LV�QRW�IXUWKHU�GLVFXVVHG�KHUH�

���3'/�0HDVXUHPHQW�3URFHVV

%HIRUH�WKH�FDOLEUDWLRQ��WKH�SRODUL]HU��3��DW
WKH�LQSXW�RI�WKH�SRODUL]DWLRQ�FRQWUROOHU
VKRXOG�EH�DGMXVWHG�WR�PD[LPL]H�WKH�RXWSXW
SRZHU�RI�WKH�SRODUL]DWLRQ�FRQWUROOHU�
EHFDXVH�RWKHUZLVH�D�ODUJH�ORVV�PD\�RFFXU
DW�WKH�SRODUL]HU��)URP�KHUH�RQ��WKLV�RIIVHW
DQJOH�LV�FDOOHG�αS���7KH�DQJOHV�RI�WKH
TXDUWHU�ZDYH�SODWH��4��DQG�WKH�KDOI�ZDYH
SODWH��+��PXVW�EH�VHW�ZLWK�UHVSHFW�WR�αS�

'XULQJ�FDOLEUDWLRQ�IRXU�GLIIHUHQW
SRODUL]DWLRQ�VWDWHV�DUH�JHQHUDWHG�E\�WKH
SRODUL]DWLRQ�FRQWUROOHU��DV�GHVFULEHG
DERYH��7DEOH���VKRZV�WKH�VHWWLQJV�RI�WKH
SRODUL]HU��RI�WKH�TXDUWHU�ZDYH�SODWH�DQG
RI�WKH�KDOI�ZDYH�SODWH��YDOXHV�LQ�GHJUHH��
7KHVH�VHWWLQJV�DUH�PRVW�SUHFLVH�IRU�WKH
ZDYHOHQJWK������QP��$W�WKLV�ZDYHOHQJWK�
WKH�UHWDUGHUV�H[KLELW�WKHLU�QRPLQDO
TXDUWHU�ZDYH�UHVSHFWLYHO\�KDOI�ZDYH
UHWDUGDWLRQ�

$JLOHQW�����$�3RODUL]DWLRQ�&RQWUROOHU$JLOHQW�����$�0XOWLPHWHU

$JLOHQW�����;�60
)3�/DVHU�6RXUFH

3'/���±�����G%

,VRODWRU

$JLOHQW������$�+HDG�ZLWK�$JLOHQW������')

)LJXUH����3'/�WHVW�VHWXS�EDVHG�RQ�VWDEOH�ODVHU�VRXUHFH

'87
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3RODUL]DWLRQ�FRQWUROOHU
2XWSXW�VWDWH

3RODUL]HU 4�3ODWH +�3ODWH 0HDVXUHG�SRZHU

/LQHDU�KRUL]RQWDO����� αp αp αp 3D

/LQHDU�YHUWLFDO������ αp αp αp + 45° 3E

/LQHDU�GLDJRQDO�������� αp αp αp + 22.5° 3F

5LJKW�KDQG�FLUFXODU� αp αp + 45° αp 3G

7DEOH����3RODUL]DWLRQ�FRQWUROOHU�VHWWLQJV�DQG�SRZHU�UHVXOWV�FDOLEUDWLRQ

3RO��FRQWUROOHU�VWDWH
�VDPH�DV�LQ�WDEOH���

0HDVXUHG�SRZHU 7UDQVPLVVLRQ
7

/LQHDU�KRUL]RQWDO����� 3� 7�� �3�����3D

/LQHDU�YHUWLFDO������ 3� 7�� �3�����3E

/LQHDU�GLDJRQDO�������� 3� 7�� �3����3F

5LJKW�KDQG�FLUFXODU� 3� 7�� �3����3G

7DEOH����3RODUL]DWLRQ�FRQWUROOHU�VHWWLQJV�DQG�UHVXOWV�GXULQJ�'87�PHDVXUHPHQW
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:KHQ�WKH�FDOLEUDWLRQ�LV�FRPSOHWHG��WKHQ
WKH�GHYLFH�XQGHU�WHVW�LV�LQVHUWHG�EHWZHHQ
WKH�RXWSXW�RI�WKH�SRODUL]DWLRQ�FRQWUROOHU
DQG�WKH�RSWLFDO�KHDG��7KH�VDPH�VWDWHV�RI
SRODUL]DWLRQ�DV�GXULQJ�WKH�FDOLEUDWLRQ�DUH
VHW�DJDLQ��7KH�FRUUHVSRQGLQJ�RSWLFDO
SRZHUV�DUH�PHDVXUHG�DQG�WKH
WUDQVPLVVLRQV�DUH�FDOFXODWHG��VHH�WDEOH���
7KH�0XHOOHU�PDWUL[�HOHPHQWV�FDQ�EH
FDOFXODWHG�XVLQJ�WKH�HTXDWLRQV�GHULYHG
DERYH��D�YHUWLFDO�UHSUHVHQWDWLRQ�ZDV
FKRVHQ�DJDLQ�WR�HQKDQFH�WKH�FODULW\��

)LQDOO\��WKH�3'/�YDOXH�LV�FDOFXODWHG�XVLQJ
HTXDWLRQV���WR���

,W�LV�QRW�QHFHVVDU\�WR�UH�FDOLEUDWH�WKH�WHVW
VHW�XS�EHIRUH�HDFK�'87�PHDVXUHPHQW��DV
ORQJ�DV�WKH�UHODWLRQVKLS�EHWZHHQ�WKH�IRXU
RXWSXW�SRZHUV�RI�WKH�SRODUL]DWLRQ
FRQWUROOHU�UHPDLQV�WKH�VDPH�

,I�WKH�ODVHU�VRXUFH�KDV�D�ZDYHOHQJWK
ZKLFK�GLIIHUV�IURP������QP��WKHQ�WKH
UHWDUGDWLRQ�RI�WKH�TXDUWHU�ZDYH
SODWH�LV�QR�ORQJHU�TXDUWHU�ZDYH��DQG�WKH
UHWDUGDWLRQ�RI�WKH�KDOI�ZDYH�SODWH�LV�QR
ORQJHU�KDOI�ZDYH�

7KH�ZDYH�SODWHV�RI�WKH�$JLOHQW�����$
SRODUL]DWLRQ�FRQWUROOHU�DUH�UHWDUGHUV�RI�WKH
�]HUR�RUGHU�W\SH���7KHVH�UHWDUGHUV�KDYH
WUXH�TXDUWHU�ZDYH�DQG�KDOI�ZDYH
UHWDUGDWLRQV�DW�WKH�QRPLQDO�ZDYHOHQJWK�
5HWDUGHUV�RI�WKH��ORZ�RUGHU�W\SH��KDYH�D
UHWDUGDWLRQ�RI�D�PXOWLSOH�RI�ZDYHV�SOXV�D
TXDUWHU�ZDYH�UHVSHFWLYHO\�D�KDOI�ZDYH�
6XFK�UHWDUGHUV�H[KLELW�D�VWURQJHU
ZDYHOHQJWK�GHSHQGHQFH�WKDQ�]HUR�RUGHU
UHWDUGHUV�

+RZHYHU��HYHQ�]HUR�RUGHU�UHWDUGHUV
FDQQRW�EH�XVHG�ZLWKRXW�FRUUHFWLRQ�ZKHQ
WKH�ZDYHOHQJWK�LV�PRUH�WKDQ�����QP
DZD\�IURP������QP��$W������QP��IRU
H[DPSOH��WKH�UHWDUGDWLRQ�KDV�LQFUHDVHG�E\
������7KLV�FDQQRW�EH�LJQRUHG�

/LQHDU�YHUWLFDO /LQHDU�GLDJRQDO 5+�FLUFXODU
λ��QP� 4�3ODWH +�3ODWH 4�3ODWH +�3ODWH 4�3ODWH +�3ODWH
���� ���� ����� ���� ����� ����� ������
���� ���� ����� ���� ����� ��� ������
���� 2� ��� �� ����� ��� ������
���� ����� ����� ��� ��� ����� ������
���� ����� ����� ��� ����� ����� ������
���� ������ ����� ������ ����� ����� �����
���� ������ ����� ���� ��� ����� ��
���� ������ ��� ������ ���� ����� ��
���� ������ ����� ������ ���� ����� ����
���� ������ ����� ������ ���� ����� ����

P��

P��

P��

P��

=

7����7�

�������
7����7�

�������

7��²�P��

7��²�P��

7DEOH����1XPHULFDO�YDOXHV�RI�WKH�ZDYHSODWH�SRVLWLRQV�IRU�VHOHFWHG�ZDYHOHQJWKV��)RU
ZDYHOHQJWK�YDOXHV�EHWZHHQ�OLVWHG�YDOXHV�D�OLQHDU�DSSUR[LPDWLRQ�LV�VXJJHVWHG�



�

,I�WKH�GHVLUHG�DFFXUDF\�RI�WKH�3'/
PHDVXUHPHQW�DSSURDFKHV��������G%�
DQG�WKH�ZDYHOHQJWK�LV�RXWVLGH�WKH�������
�����QP�EDQG��WKHQ�WKH�ZDYHOHQJWK
GHSHQGHQW�UHWDUGDWLRQ�RI�WKH�ZDYH�SODWHV
KDV�WR�EH�FRUUHFWHG��L�H��ZDYHOHQJWK
GHSHQGHQW�VHWWLQJV�IRU�WKH�ZDYH�SODWHV
KDYH�WR�EH�XVHG�

7DEOH���VKRZV�WKH�ZDYHOHQJWK�GHSHQGHQW
SRVLWLRQV�IRU�UHWDUGHUV�RI�WKH�]HUR�RUGHU
W\SH�IRU�OLQHDU�YHUWLFDO��������OLQHDU
GLDJRQDO��������DQG�FLUFXODU��5+�
SRODUL]HG�OLJKW�

)RU�KRUL]RQWDOO\�SRODUL]HG�OLJKW�WKH�VDPH
SRVLWLRQV�DV�EHIRUH�FDQ�EH�XVHG��EHFDXVH
WKH�IDVW�D[LV�RI�WKH�UHWDUGHUV�LV�SDUDOOHO�WR
WKH�SRODUL]DWLRQ�D[LV�RI�WKH�SRODUL]HU��7KLV
LV�ZDYHOHQJWK�LQGHSHQGHQW�

)LJXUHV���WR���VKRZ�WKH�ZDYHOHQJWK
GHSHQGHQFHV�RI�WKH�ZDYHSODWH�SRVLWLRQV
LQ�JUDSKLFDO�IRUP�

1RWLFH�WKDW�DQJXODU�SRVLWLRQ�RI�WKH�KDOI�
ZDYHSODWH�DW������QP��WKH�GHVLJQ
ZDYHOHQJWK��LV��������LQVWHDG�RI�����7KLV
LV�QHFHVVDU\�WR�REWDLQ�FLUFXODU�SRODUL]DWLRQ
VWDWH�IRU�D�EURDG�ZDYHOHQJWK�UDQJH��$W
�����QP��WKH�SRVLWLRQ�RI�WKH�KDOI�ZDYH
SODWH�KDV�QR�LQIOXHQFH�RQ�WKH�SRODUL]DWLRQ
VWDWH�EHFDXVH�D�KDOI�ZDYH�SODWH�FDXVHV
URWDWLRQ�RQO\��DQG�URWDWLQJ�D�FLUFXODU�VWDWH
KDV�QR�HIIHFW�

5R
WD
WLR
Q�
$Q
JO
H

+DOI�ZDYHSODWH

4XDUWHU
ZDYHSODWH

)LJXUH����:DYHSODWH�SRVLWLRQV�WR�REWDLQ�OLQHDU�YHUWLFDO
���������������SRODUL]DWLRQ�VWDWH

:DYHOHQJWK��QP�

5R
WD
WLR
Q�
$Q
JO
H

+DOI�ZDYHSODWH

:DYHOHQJWK��QP�

)LJXUH����:DYHSODWH�SRVLWLRQV�WR�REWDLQ�OLQHDU�GLDJRQDO
���������������SRODUL]DWLRQ�VWDWH

4XDUWHU
ZDYHSODWH

1540

1540

5R
WD
WLR
Q�
$Q
JO
H

4XDUWHU�ZDYHSODWH

+DOI
ZDYHSODWH

:DYHOHQJWK��QP�

)LJXUH����:DYHSODWH�SRVLWLRQV�WR�REWDLQ�ULJKW�KDQG�FLUFXODU
���������������SRODUL]DWLRQ�VWDWHO

1540



�

���3'/�$FFXUDF\
&RQVLGHUDWLRQV�DQG
0HDVXUHPHQW�5HVXOWV

7KH�DFFXUDF\�RI�WKH�3'/�PHDVXUHPHQW�LV
GHWHUPLQHG�E\�WKH�DFFXUDF\�RI�WKH�IRXU
SRODUL]DWLRQ�VWDWHV�DQG�WKH�DFFXUDF\�RI
WKH�RSWLFDO�SRZHU�PHDVXUHPHQWV�
7KH�DFFXUDF\�RI�WKH�IRXU�SRODUL]DWLRQ
VWDWHV�GHSHQGV�RQ�WKH�VHWWOLQJ�DFFXUDF\
RI�WKH�SRODUL]DWLRQ�FRQWUROOHU��7KH
PHFKDQLFDO�DQJXODU�SRVLWLRQV�RI�WKH
UHWDUGHUV�ZLWK�UHVSHFW�WR�WKH�SRODUL]HU
DQG�WKH�UHWDUGDWLRQ�YDOXHV�RI�KDOI�ZDYH
DQG�TXDUWHU�ZDYH�UHWDUGHU�FUHDWH�WKH
SRODUL]DWLRQ�VWDWH��7KH�$JLOHQW�����$
V
PHFKDQLFDO�DQJXODU�XQFHUWDLQW\�RI������
�DFFXUDF\�KRPH�SRVLWLRQ� �������
DFFXUDF\� ��������FDXVHV�D�3'/
XQFHUWDLQW\�RI�DSSUR[LPDWHO\������RI�WKH
PHDVXUHG�3'/�YDOXH�

'HWHFWRU�QRLVH��$JLOHQW������$�ZLWK
$JLOHQW�����$�PXOWL��PHWHU��DW�UHODWLYHO\
KLJK�SRZHU�OHYHOV��FDXVHV�D�3'/
XQFHUWDLQW\�RI�W\SLFDOO\������RI�WKH�3'/
YDOXH��EHFDXVH�WKH�3'/�YDOXH�LV�FDOFXODWHG
IURP�WKH�PHDVXUHPHQW�GDWD��/DVHU�VRXUFH
IOXFWXDWLRQV�ZLOO�LQWURGXFH�DGGLWLRQDO
XQFHUWDLQWLHV��,I�D�ILEHU�FRXSOHU�LV�XVHG�WR
PRQLWRU�VRXUFH�IOXFWXDWLRQV��WKHVH
XQFHUWDLQWLHV�FDQ�XVXDOO\�EH�GLVUHJDUGHG�

7KH�PRVW�LPSRUWDQW�SDUW�RI�WKH
XQFHUWDLQW\�RI�WKH�RSWLFDO�SRZHU
PHDVXUHPHQW�LV�WKH�3'/�RI�WKH�GHWHFWRU
LWVHOI��7KLV�HIIHFW�FDXVHV�LQFRUUHFW�RSWLFDO
SRZHU�PHDVXUHPHQWV�ZKHQ�WKH�IRXU
GLIIHUHQW�SRODUL]DWLRQ�VWDWHV�DUH�VHW�XS�
7KH�3'/�YDOXHV�RI�W\SLFDO�GHWHFWRUV�UDQJH
IURP���XS�WR�DSSUR[LPDWHO\�������G%�S�S�

)RU�DFFXUDWH�3'/�PHDVXUHPHQWV�D
GHWHFWRU�ZLWK�ORZHVW�LQWULQVLF�3'/�KDV�WR
EH�XVHG��2QH�SRVVLEOH�VROXWLRQ�LV�WR�XVH
VHOHFWHG�GHWHFWRUV�ZLWK�ORZ�3'/��$QRWKHU
VROXWLRQ�LV�WR�GHSRODUL]H�WKH�ODVHU�OLJKW�LQ
IURQW�RI�WKH�GHWHFWRU��D�3'/�RI�W\SLFDOO\
OHVV�WKDQ�������G%�S�S�LV�DFKLHYHG�ZLWK
WKH�$JLOHQW������')�GHSRODUL]HU�ZKHQ
XVLQJ�D�)DEU\�3HURW�ODVHU�DV�VRXUFH�

,I�WKH�'87�LV�FRQQHFWHG�ZLWK�ILEHU�RSWLF
FRQQHFWRUV��WKHQ�WKLV�FRQQHFWLRQ�FDQ�DOVR
FDXVH�3'/��7KH�EHVW�DFFXUDF\�LV�REWDLQHG
ZKHQ�WKH�'87�LV�FRQQHFWHG�E\�D�IXVLRQ
VSOLFH��ZKLFK�KDV�QR�LQWULQVLF�3'/��0RYLQJ
D�ILEHU�ZLOO�FKDQJH�WKH�SRODUL]DWLRQ�VWDWHV
DW�WKH�RXWSXW�RI�WKLV�ILEHU��0RYLQJ�WKH
ILEHU�EHIRUH�WKH�SRODUL]DWLRQ�FRQWUROOHU
FKDQJHV�WKH�DEVROXWH�SRZHU�OHYHO��ZKLFK
LV�QRW�UHOHYDQW�KHUH��&KDQJLQJ
PHDVXUHPHQW�UHVXOWV�PD\�RFFXU�GXH�WR
WKH�FKDQJH�RI�DOLJQPHQW�EHWZHHQ�WKH�3'/
D[LV�RI�WKH�WHVW�FRPSRQHQW�DQG�WKH�3'/
D[LV�RI�WKH�SKRWRGHWHFWRU��QRWLFH�WKDW�WKH
FRPELQHG�3'/�RI�WZR�FRPSRQHQWV
GHSHQGV�RQ�WKH�UHODWLYH�DOLJQPHQW
EHWZHHQ�WKHLU�3'/�D[HV��

6XPPDUL]LQJ�WKH�DERYH��WKH�WRWDO�3'/
XQFHUWDLQW\�LV��3'/�GHW� �GHWHFWRU�3'/
H[SUHVVHG�DV�SHDN�WR�SHDN��
UPDL-dut = ± ( PDLdet + 2 % of PDLdut ).

7R�YHULI\�WKH�SHUIRUPDQFH�RI�WKH�3'/
PHDVXUHPHQW�VHWXS��D�'87�ZLWK�NQRZQ
3'/�ZDV�PHDVXUHG��7KH�'87�ZDV�D�JODVV
SODWH�ZKLFK�ZDV�DQWL�UHIOHFWLRQ�FRDWHG�RQ
RQH�VLGH�DQG�WLOWHG�ZLWK�UHVSHFW�WR�WKH
RSWLFDO�EHDP�D[LV��7KH�WKHRUHWLFDO�3'/
YDOXH�ZDV�FDOFXODWHG�E\�DSSO\LQJ
)UHVQHO·V�IRUPXODH�WR�WKH�WLOWHG�DLU�WR�
JODVV�WUDQVLWLRQ�

$�ILEHU�FRXSOHU�ZDV�XVHG�WR�PRQLWRU�WKH
SRZHU�IOXFWXDWLRQV�RI�WKH�ODVHU�VRXUFH��,Q
WKLV�PHDVXUHPHQW�WKH�IRXU�SRODUL]DWLRQ
VWDWHV�UHDFKLQJ�WKH�GHWHFWRU�ZHUH�WKH
VDPH�GXULQJ�FDOLEUDWLRQ�DQG�PHDVXUHPHQW
EHFDXVH�WKLV�'87�GRHV�QRW�DOWHU�WKH
SRODUL]DWLRQ�VWDWH��7KHUHIRUH��WKH
GHWHFWRU·V�3'/�KDV�QR�LQIOXHQFH�RQ�WKH
PHDVXUHG�3'/�YDOXH�

([SHULPHQWDO�DQG�WKHRUHWLFDO�3'/�YDOXHV
FRLQFLGH�ZLWKLQ�������G%��H[FHSW�LQ�WKH
UHJLRQ�EHWZHHQ�����DQG������0XOWLSOH
UHIOHFWLRQV�EHWZHHQ�WKH�'87�DQG�WKH�ILEHU
FRQQHFWRU�RFFXU�LQ�WKLV�DQJOH�UDQJH��7KLV
FDXVHV�QRQ�SUHGLFWDEOH�XQFHUWDLQWLHV�LQ
WKH�PHDVXUHPHQW�UHVXOW��VHH�ILJXUH����
7KH�DOPRVW�SHUIHFW�DJUHHPHQW�EHWZHHQ
H[SHULPHQWDO�DQG�WKHRUHWLFDO�GDWD
GHPRQVWUDWHV�KRZ�ZHOO�WKLV�PHDVXUHPHQW
PHWKRG�ZRUNV��7KH�UHSHDWDELOLW\�IRU�WKH
GHVFULEHG�PHDVXUHPHQW�VHW�ZDV�DURXQG
������G%�

7KH�WLPH�IRU�WKLV�3'/�PHDVXUHPHQW
GHSHQGV�RQ�WKH�VHWWOLQJ�WLPH�RI�WKH
SRODUL]DWLRQ�FRQWUROOHU�DQG�WKH�DYHUDJH
WLPH�RI�WKH�RSWLFDO�SRZHU�PHWHU��%RWK�FDQ
EH�YHU\�IDVW��7KH�W\SLFDO�VHWWOLQJ�WLPH�IRU
WKH�$JLOHQW�����$�SRODUL]DWLRQ�FRQWUROOHU
LV�OHVV�WKDQ�����PV�DQG�WKH�DYHUDJH�WLPH
RI�WKH�$JLOHQW�����$�RSWLFDO�SRZHU�PHWHU
EH�VHW�WR����PV��6R�LW�ZLOO�WDNH�OHVV�WKDQ
��[������PV������PV��� ���V�WR�REWDLQ
RQH�3'/�PHDVXUHPHQW�YDOXH�
7KLV�PHWKRG�ZDV�GHVFULEHG�E\�1\PDQ�>�@
DW�WKH�2SWLFDO�)LEHU�&RQIHUHQFH������
1\PDQ�UHSRUWHG�WKH�VDPH�DFFXUDF\�DQG
UHSHDWDELOLW\�RI�������G%�IRU�WKH�3'/
PHDVXUHPHQW�

3'/���������G%

)LJXUH����3'/�PHDVXUHPHQW�RI�WLOWHG�JODVV�SODWH

7LOW�$QJOH

Measurement
Theory



���7HVWLQJ�LQWHJUDWHG�RSWLFV
GHYLFHV

$�IUHTXHQW�TXHVWLRQ�LQ�FRQWH[W�ZLWK
WHVWLQJ�LQWHJUDWHG�RSWLFV�GHYLFHV�LV��KRZ
FDQ�WKH�GHVLUHG�KRUL]RQWDO�DQG�YHUWLFDO
SRODUL]DWLRQ�VWDWHV��DW�WKH�GHYLFH�LQSXW��EH
JHQHUDWHG"�7KH�SUREOHP�LV�WKDW�WKH�VWDWH
RI�SRODUL]DWLRQ�DW�WKH�RXWSXW�RI�D�VWDQGDUG
VLQJOH�PRGH�ILEHU�LV�FRPSOHWHO\
XQSUHGLFWDEOH��2QH�SRVVLELOLW\�LV�XVLQJ
SRODUL]DWLRQ�PDLQWDLQLQJ�ILEHU�DQG
PHFKDQLFDO�URWDWRUV�

+RZHYHU��WKH�QHFHVVDU\�URWDWLRQ�SUHFLVLRQ
LV�YHU\�GLIILFXOW�WR�DFKLHYH��TXLWH�RIWHQ��D
ODWHUDO�RIIVHW�LV�REWDLQHG�GXULQJ�WKH
URWDWLRQ��7KH�RWKHU�SRVVLELOLW\��XVLQJ�D
SRODUL]DWLRQ�FRQWUROOHU�DQG�FRQYHQWLRQDO
VLQJOH�PRGH�ILEHU��LV�XVXDOO\�QRW�DSSOLFDEOH
EHFDXVH�WKH�SRODUL]DWLRQ�VWDWH�DW�WKH�HQG
RI�WKH�ILEHU�LV�XQNQRZQ��'RHV�DQ
LQWHOOLJHQW�VROXWLRQ��ZLWK�HOHFWURQLF
FRQWURO��H[LVW"

6XFK�D�SRVVLELOLW\�LV�EDVHG�RQ�WKH
DVVXPSWLRQ�WKDW�WKH�WHVW�GHYLFH�KDV
VXIILFLHQW�3'/��DQG�WKDW�WKH�PD[���PLQ
WUDQVPLVVLRQV�RFFXU�DW�WKH�KRUL]RQWDO��
YHUWLFDO��OLQHDU��SRODUL]DWLRQ�VWDWHV��,Q�WKLV
FDVH��WKH�0XHOOHU�PHWKRG��RULJLQDOO\�D�3'/
WHVW�PHWKRG��FDQ�EH�XVHG�WR�VHW�WKH
GHVLUHG�SRODUL]DWLRQ�VWDWHV�

,Q�PDQ\�FDVHV��D�EHWWHU�FULWHULRQ�IRU�WKH
FRQWURO�RI�WKH�SRODUL]DWLRQ�VWDWH�LV�WKH
PRGXODWLRQ�WUDQVIHU�IXQFWLRQ��H�J��DW�D
IL[HG�IUHTXHQF\�RI����0+]��,Q�OLWKLXP�
QLREDWH�PRGXODWRUV��IRU�H[DPSOH��WKH
LQVHUWLRQ�ORVV�LV�RQO\�D�ZHDN�IXQFWLRQ�RI
WKH�LQSXW�SRODUL]DWLRQ�VWDWH��,Q�FRQWUDVW�
WKH�PRGXODWLRQ�GHSWK�LV�VWURQJO\
GHSHQGHQW�RQ�WKH�SRODUL]DWLRQ��)RU�VXFK
GHYLFHV��WKH�SRZHU�PHWHU�VKRXOG�EH
UHSODFHG�E\�D�FRPELQDWLRQ�RI
�SRODUL]DWLRQ�LQVHQVLWLYH��SKRWRGHWHFWRU
DQG�VHOHFWLYH�OHYHO�PHWHU�RU�HOHFWULFDO
VSHFWUXP�DQDO\]HU�

7KH�EHQHILW�RI�XVLQJ�WKH�0XHOOHU�PHWKRG
LV�WKDW�WKH�SRODUL]DWLRQ�VWDWHV��6WRNHV
YHFWRUV��OHDGLQJ�WR�PLQ��PD[�WUDQVPLVVLRQ

FDQ�EH�FDOFXODWHG��LQ�DGGLWLRQ�WR�WKH
FDOFXODWLRQ�RI�WKH�3'/�
)LJXUH���VKRZV�WKLV�FRQFHSW��)URP�WKH
FDOFXODWHG�SRODUL]DWLRQ�VWDWHV��WKH
FRUUHVSRQGHQW�ZDYHSODWH�SRVLWLRQV�FDQ�EH
FDOFXODWHG��VHH�$SSHQGL[���:KHQ�WKLV�LV
DFFRPSOLVKHG��WKH�PRGXODWRU�FDQ�EH
WHVWHG�IRU�LWV�PRGXODWLRQ�WUDQVIHU

IXQFWLRQ��LWV�GHSHQGHQFH�RQ�WKH�LQSXW
SRODUL]DWLRQ�VWDWH��DQG�RWKHU
FKDUDFWHULVWLFV��2I�FRXUVH��WKH�'87·V
LQSXW�ILEHU�PXVW�EH�ZHOO�VHFXUHG�VR�WKDW
WKH�SRODUL]DWLRQ�VWDWH�UHPDLQV�FRQVWDQW��,W
LV�DGYLVDEOH�WR�ZULWH�D�FRPSXWHU�SURJUDP
VR�WKDW�WDNLQJ�WKH�PHDVXUHPHQWV�DQG
FRQWUROOLQJ�WKH�SRODUL]DWLRQ�VWDWHV�FDQ�EH
GRQH�DXWRPDWLFDOO\��$�SRVVLEOH
PHDVXUHPHQW�VHWXS�LV�VKRZQ�LQ�ILJXUH���

)LJXUH���*HQHUDWLQJ�KRUL]RQWDO�RU�YHUWLFDO�SRODUL]DWLRQ
��������������VWDWHV�WHVW�LQWHJUDWHG�RSWLFDO�GHYLFHV

WR�3RZHU�0HWHU�RU
6HOHFWLYH�/HYHO�0HWHU

/LWKLXP�1LREDWH
0RGXODWRU

'HVLUHG�SRODUL]DWLRQ
VWDWH

60�)LEHU

�� &DOFXODWH�6WRNHV�YHFWRUV, S 2 S 3 S  ZKLFK
���������FRUUHVSRQG�WR��PLQ���PD[�PRGXODWLRQ�LQGH[�

�� 6HW�WKH�ZDYHSODWHV�RI�WKH
$JLOHQW�����$�SRODUL]DWLRQ�FRQWUROOHU�WR
JHQHUDWH�WKHVH�6WRNHV�YHFWRUV

)LJXUH����&DOFXODWLQJ�WKH
SRODUL]DWLRQ�FRQWUROOHU�VHWWLQJV
IRU�,2�GHYLFH�WHVW�

)LJXUH����3RVVLEOH�WHVW�VHWXS�IRU�LQWHJUDWHG�RSWLFDO�FRPSRQHQW

FRQWUROOHU ,VRODWHG�/DVHU
(OHFWULFDO�,QSXW

,QWHJUDWHG�2SWLFDO
&RPSRQHQW$JLOHQW�����$�3RODUL]DWLRQ�&RQWUROOHU

/2:�3'/
'HWHFWRU (OHFWULFDO

6SHFWUXP
$QDO\]HU

'87

10



��

���6XPPDU\

7KLV�SDSHU�GHVFULEHV�KRZ�WR�PHDVXUH�3'/
RI�RSWLFDO�FRPSRQHQWV��,W�ZDV�VKRZQ�WKDW
WKH�0XHOOHU�PDWUL[�PHWKRG�DOORZV�IDVW
DQG�DFFXUDWH�3'/�PHDVXUHPHQWV��,Q
DGGLWLRQ��WKH�0XHOOHU�PHWKRG�FDQ�EH�XVHG
WR�JHQHUDWH�ZHOO�GHILQHG�SRODUL]DWLRQ
VWDWHV�IRU�WKH�WHVW�RI�LQWHJUDWHG�RSWLFDO
GHYLFHV�
7R�SHUIRUP�D�3'/�PHDVXUHPHQW�ZLWK�WKLV
PHWKRG�D�KLJKO\�SUHFLVH�DQG�UHSHDWDEOH
SRODUL]DWLRQ�FRQWUROOHU�VXFK�DV�WKH�$JLOHQW
����$�LV�PDQGDWRU\�
,W�ZDV�VKRZQ�WKDW�WKLV�LQVWUXPHQW�FDQ
QRW�RQO\�EH�XVHG�DW�LWV�GHVLJQ�ZDYHOHQJWK
DURXQG������QP��EXW�DOVR�DURXQG�����
QP�XVLQJ�ZDYHOHQJWK�GHSHQGHQW�UHWDUGHU
VHWWLQJV�

/LWHUDWXUH

>�@�1\PDQ��%���2SWLFDO�)LEHU�&RQIHUHQFH�
2)&������
7HFKQLFDO�'LJHVW��SDJH������7K.�
>�@�%URQVWHLQ��,��1���6HPHQGMDMHZ��.��$�
������
7DVFKHQEXFK�GHU�0DWKHPDWLN�
��UG�HGLWLRQ��SDJH������/HLS]LJ���7HXEQHU
9HUODJVJHVHOOVFKDIW
>�@�(��&ROOHW���3RODUL]HG�OLJKW�
IXQGDPHQWDOV�DQG
DSSOLFDWLRQV���0DUFHO�'HNNHU�,QF���1HZ
<RUN������
,6%1��������������



��

$SSHQGL[��0DWKHPDWLFDO�GHULYDWLRQ

:KHQ�WRWDOO\�SRODUL]HG�OLJKW�FDQ�EH�DVVXPHG��WKHQ�WKH�WUDQVIHU�RI
SRODUL]HG�OLJKW�WKURXJK�D�WHVW�FRPSRQHQW��'87��FDQ�EH�GHVFULEHG�DV
VKRZQ�LQ�ILJXUH����

3RZHU�GHVFULSWLRQ�

P in = SO in

6WRNHV�YHFWRU�GHVFULSWLRQ�

S in                                                                                          

7KH�LQSXW�SRZHU�LV�6�LQ���7KH�RXWSXW�SRZHU, 6�RXW���FDQ�EH
FDOFXODWHG�IURP�WKH�ILUVW�URZ�RI�WKH�0XHOOHU
PDWUL[�RI�WKH�'87�

SOout  =  m11S0in + m12S1in + m13S2in + m14S3in

)RU�WRWDOO\�SRODUL]HG�OLJKW��WKH�6WRNHV�YHFWRU�FRPSRQHQWV�DUH�UHODWHG
E\�
SOin

2  = S1in
2 + S2in

2 + S3in
2     �$��

RU:   S1in           S2in        S3in         =   1  �$��
      SOin         SOin       SOin

�7KH�SRZHU�WUDQVPLVVLRQ�LV�GHILQHG�DV�

T =  SOout          �$��
       SOin

T = m11SOin + m12S1in  + m13S2in  + m14S3in     �$���

                               SOin

����������������������������������������������������������������������
T = m11 + m12 S1in + m13 S2in  + m14 S2in          ($�)
                      SOin        SOin                SOin

'87

'87

P out = SO out

  SO out



��

$���3'/�&DOFXODWLRQ

7KH�TXHVWLRQV�DUH��IRU�D�JLYHQ�VHW�RI�P�[��YDOXHV��ZKLFK�6WRNHV
YHFWRUV�OHDG�WR�D�PD[LPXP�WUDQVPLVVLRQ��RU�PRGXODWLRQ�LQGH[�"�$QG
KRZ�ODUJH�LV�WKH�PD[LPXP�WUDQVPLVVLRQ"�$IWHU�UH�ZULWLQJ�HTXDWLRQ
$���ZH�VHDUFK�WKH�H[WUHPD�RI�WKH�IROORZLQJ�HTXDWLRQ��LQ�ZKLFK
[������DUH�WKH�SRZHU�UDWLRV�OHDGLQJ�WR�PLQLPXP�DQG�PD[LPXP�

T=  m11 + m12x1 + m13x2 + m14x3    �$��

XQGHU�WKH�FRQVWUDLQW��DIWHU�UH�ZULWLQJ�HTXDWLRQ�$���

ϕ = x1
2 + x2

2 +  x3
2  - 1 = 0 �$��

6HDUFKLQJ�IRU�WKH�H[WUHPD�OHDGV�WR�WKH�/DJUDQJH�IXQFWLRQV��VHH�>�@�
λ  �VFDOLQJ�IDFWRU�

Lx1 =  dT  + λ dϕ   =  m12+2kx1 = 0   �$��
       dx1 dx1

Lx2 =  dT  + λ dϕ   =  m13+2kx2 = 0   �$���
       dx2 dx2

Lx3 =  dT  + λ dw =  m14+2kx3 = 0   �$���
       dx3 dx3

DQG ϕ = x1
2 + x2

2 +  x3
2  - 1 = 0      �$���

7KH�DERYH�UHSUHVHQWV�IRXU�HTXDWLRQV�ZLWK�IRXU�XQNQRZQV��[����[���
[���λ

X1 = - m12  ,   x2 = - m13  ,   x3 =  - m14

 2λ      2λ   2λ       ($���

m12     +    m13     +     m14              = 1          �$���
2λ               2λ             2λ                          

m12
2  +  m13

2  +  m14
2 = 4λ2                         �$���

2λ = ±  √m12
2  +  m13

2 + m14
2                      �$���

,QVHUWLQJ�WKLV�UHVXOW�LQWR�HTXDWLRQV�$��WR�$���\LHOGV�

X1 = S1in    =
       SOin     ± √m12

2  +  m13
2 + m14

2                �$���

X2 = S2in    =
       SOin    ±  √m12

2  +  m13
2 + m14

2                  �$���

X3 = S3in    =
       SOin    ±  √m12

2  +  m13
2 + m14

2                  �$���

&DOFXODWLQJ�WKH�WUDQVPLVVLRQ�
T=  m11 + m12x1 + m13x2 + m14x3                 ��$���

T=  m11 ±
                  √m12

2  +  m13
2 + m14

2

7KH�UHVXOW��HTXDWLRQ�$����VKRZV�WKDW�WKH�SRZHU�WUDQVPLVVLRQ
H[WUHPD�FDQ�EH�FDOFXDWHG�IURP�WKH�HOHPHQWV�RI�WKH�ILUVW�URZ�RI�WKH
0XHOOHU�PDWUL[�

T=  m11 ± √m12
2  +  m13

2 + m14
2           ��$���

� � �

m13

m12

m14

(m12
2  +  m13

2 + m14
2) ��$���

1



��

$���&DOFXODWLRQ�DQG�6HWWLQJ�RI
0LQ���0D[�3RODUL]DWLRQ�6WDWHV
RQ�WKH�$JLOHQW�����$

7KH�PDWKHPDWLFDO�GHULYDWLRQ�LV�EDVHG�RQ
WKH�ERRN�IURP�&ROOHW�>�@��%HFDXVH�RI�LWV
FRPSOH[LW\��RQO\�WKH�LPSRUWDQW�VWHSV�DUH
PHQWLRQHG�KHUH�
)LUVW��GHWHUPLQH�WKH�ILUVW�URZ�RI�WKH
0XHOOHU�PDWUL[��P���to P�����DV
GHVFULEHG�LQ�VHFWLRQ����7KHQ�FDOFXODWH�WKH
LQSXW�6WRNHV�YHFWRUV�IRU�PLQ��PD[
WUDQVPLVVLRQ�DV�LQ�HTXDWLRQV�$���WR�$���
)RU�VLPSOLFLW\��ZH�XVH�WKH�V\PEROV 6���
6��DQG�6���LQVWHDG�RI�[����[��DQG�[�
�WKLV�LV�HTXLYDOHQW�ZLWK�VHWWLQJ�WKH�LQSXW
SRZHU�6�LQ�= 1).�:H�DOVR�XVH�WKH
DFURQ\PV�-�VWDWH�DQG�.�VWDWH�LQVWHDG�RI
PLQ��PD[�VWDWH��EHFDXVH�LW�LV�QRW�D�SULRUL
FOHDU�ZKLFK�ZDYHSODWH�SRVLWLRQ�ZLOO
JHQHUDWH�ZKLFK�VWDWH�

�,Q�WKH�FDOFXODWLRQ�RI�WKH�ZDYHSODWH
VHWWLQJV�IRU�WKH�--VWDWH��ZH�VWDUW�E\
DVVXPLQJ�OLQHDU��KRUL]RQWDO�LQSXW�VWDWH�
6��= 1��DW�WKH�LQSXW�RI�WKH�TXDUWHU�ZDYH
SODWH��4���*HQHUDOO\��URWDWLQJ�WKH�4�SODWH�LV
UHVSRQVLEOH�IRU�6����0RUH�VSHFLILFDOO\�
��6��PXVW�EH�JHQHUDWHG�DW�WKH�RXWSXW�RI
WKH�4�SODWH�EHFDXVH�WKH�KDOI�ZDYHSODWH
�+��ZLOO�WKHQ�FRQYHUW���6��WR�6���7KH
4�SODWH�DOVR�JHQHUDWHV�DQ�XQGHVLUHG�DQJOH
θRIIVHW�LQ�WKH�KRUL]RQWDO�SODQH�RI�WKH
3RLQFDUp�VSKHUH��5RWDWLQJ�WKH�+�SODWH�LV
XVHG�WR�VHW�WKH�DQJOH��θM��WKH�IDFWRU�RI��
ZDV�FKRVHQ�EHFDXVH�D������URWDWLRQ�RI
WKH�SRODUL]DWLRQ�HOOLSVH�FRUUHVSRQGV�WR
�����URWDWLRQ�RQ�WKH�3RLQFDUp�VSKHUH��

7KH�UHVXOW�LV�WKH�IROORZLQJ��WR�REWDLQ�WKH
-�VWDWH��WKH�ZDYHSODWHV�PXVW�EH�URWDWHG
E\�WKH�IROORZLQJ�PHFKDQLFDO�DQJOHV
�VWDUWLQJ�DW������WR�EH�FDOFXODWHG�IURP�WKH
NQRZQ�6WRNHV�HOHPHQWV�6��WR�6���7KH
ODVW�SDUW�RI�HTXDWLRQ�$���UHSUHVHQWV�WKH
FRUUHFWLRQ�IRU�WKH�XQGHVLUHG�θRIIVHW�FDXVHG
E\�WKH�4�SODWH�

αQ��= arcsin (S3)     ��$���
�

αH��=   θj   + arcsin (S3)     ��$���
� ���������������

ZKHUH��θM��LV�WKH�DQJOH�REWDLQHG�IURP
UHFWDQJXODU�WR�SRODU�FRQYHUVLRQ�RI�6��DQG
6���WKH�DGGLWLRQDO�DQJOH�RI������LV
DSSOLFDEOH�ZKHQ�WKH�6WRNHV�HOHPHQWV�6�
DQG�6��IRUP�DQ�DQJOH��θM��RXWVLGH�RI�WKH�²
����WR������UDQJH��

�θj  =  arctan S2   +   0°
����������������������������S1         180°   �$���

7R�REWDLQ�WKH�.�VWDWH��DOO�6-YDOXHV�PXVW
EH�UHSODFHG�E\�PLQXV�6��7KH�DQJOH��θN

FDQ�EH�FDOFXODWHG�E\�DGGLQJ������WR
�θN��EHFDXVH�WKH�-��DQG�.�VWDWHV�DUH�RQ
RSSRVLWH�VLGHV�RI�WKH�3RLQFDUp�VSKHUH�

)LQDOO\��ZH�PXVW�WDNH�LQWR�DFFRXQW�WKDW
WKH�LQSXW�SRODUL]HU�ZDV�URWDWHG�WR
PD[LPL]H�WKH�SRZHU��7KLV�LV�D�VLPSOH
FRUUHFWLRQ��ZH�DVVXPH�WKDW�WKH�SRODUL]HU
ZDV�PHFKDQLFDOO\�URWDWHG�E\�DQ�DQJOH�αS�
7KHQ�αS��PXVW�EH�DGGHG�WR�ERWK�α4�DQG
α+�LQ�WKH�HTXDWLRQV�DERYH�

)LJXUH�����&RQVWUXFWLQJ�WKH�GHVLUHG�SRODUL]DWLRQ�VWDWHV

.�VWDWH
�RQ�EDFN�VLGH�

-�VWDWH
�RQ�IURQW�VLGH�

θ SODQH
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'DWD�VXEMHFW�WR�FKDQJH�
&RS\ULJKW��������$JLOHQW��7HFKQRORJLHV
3ULQWHG�LQ�8�6�$�������
S�Q����������(

)RU�PRUH�LQIRUPDWLRQ�DERXW�$JLOHQW�7HFKQRORJLHV
WHVW�DQG�PHDVXUHPHQW�SURGXFWV��DSSOLFDWLRQV�
VHUYLFHV��DQG�IRU�D�FXUUHQW�VDOHV�RIILFH�OLVWLQJ��YLVLW
RXU�ZHE�VLWH�

ZZZ�DJLOHQW�FRP�FRPPV�OLJKWZDYH
<RX�FDQ�DOVR�FRQWDFW�RQH�RI�WKH�IROORZLQJ�FHQWHUV
DQG�DVN�IRU�D�WHVW�DQG�PHDVXUHPHQW�VDOHV
UHSUHVHQWDWLYH�

8QLWHG�6WDWHV�
$JLOHQW�7HFKQRORJLHV
7HVW�DQG�0HDVXUHPHQW�&DOO�&HQWHU
3�2��%R[�����
(QJOHZRRG��&2�����������
�WHO��������������������������������������������

&DQDGD�
$JLOHQW�7HFKQRORJLHV�&DQDGD��,QF�
�����6SHFWUXP�:D\
0LVVLVVDXJD��2QWDULR
/�:��*�
�WHO����������������

(XURSH�
$JLOHQW�7HFKQRORJLHV
7HVW�	�0HDVXUHPHQW
(XURSHDQ�0DUNHWLQJ�2UJDQLVDWLRQ
3�2��%R[����
�����$=�$PVWHOYHHQ
7KH�1HWKHUODQGV
�WHO������������������

-DSDQ�
$JLOHQW�7HFKQRORJLHV�-DSDQ�/WG�
0HDVXUHPHQW�$VVLVWDQFH�&HQWHU
�����7DNDNXUD�&KR��+DFKLRML�6KL�
7RN\R�����������-DSDQ
�WHO������������������
�ID[������������������������������������

/DWLQ�$PHULFD�
$JLOHQW�7HFKQRORJLHV
/DWLQ�$PHULFDQ�5HJLRQ�+HDGTXDUWHUV
�����%OXH�/DJRRQ�'ULYH��6XLWH�����
0LDPL��)ORULGD������
8�6�$�
�WHO����������������
�ID[�������������������������������������������

$XVWUDOLD�1HZ�=HDODQG�
$JLOHQW�7HFKQRORJLHV�$XVWUDOLD�3W\�/WG
����%XUZRRG�+LJKZD\
)RUHVW�+LOO��9LFWRULD�����
�WHO������������������$XVWUDOLD�
�ID[�������������������
�WHO�����������������1HZ�=HDODQG�
�ID[�����������������

$VLD�3DFLILF�
$JLOHQW�7HFKQRORJLHV
���)��&LW\SOD]D�2QH�������.LQJ·V�5RDG�
7DLNRR�6KLQJ��+RQJ�.RQJ
�WHO�����������������
�ID[�����������������


